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Abstract. Let h be a complete metric of Gaussian curvature K0 on a punctured Rie-
mann surface of genus g ≥ 1 (or the sphere with at least three punctures). Given a
smooth negative function K with K = K0 in neighbourhoods of the punctures we prove
that there exists a metric conformal to h which attains this function as its Gaussian
curvature for the punctured Riemann surface. We do so by minimizing an appropriate
functional using elementary analysis.
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1. Introduction
Let Σ be a punctured hyperbolic Riemann surface, namely a Riemann surface of genus
g ≥ 1 with at least one puncture (or the sphere with at least three punctures). Let ds2 =
hdz⊗ dz¯ be a complete metric on Σ with K0 = K0(z, z¯) its Gaussian curvature, negative
near the punctures. Example of an initial metric is given in §4.
In this paper we prove the result that given an arbitrary smooth negative function K,
with K = K0 in neighbourhoods of the punctures, there exists a metric conformal to h
which attains this function as its Gaussian curvature1. Our proof is elementary, using
Hodge theory, i.e., the existence of the Green’s operator for the Laplacian on a compact
manifold with boundary. This proof is a generalization of the proof given in an earlier
paper that for a compact Riemann surface of genus g > 1 any negative function K is
attained as the Gaussian curvature of a metric conformal to the given one [10].
In [14] Appendix A, there is a theorem.
Theorem 1.1.(Hulin–Troyanov). Let S′ be a non-compact Riemann surface of finite type.
Assume S′ is neither conformally equivalent to C nor C∗. Let K: S′→ R be any bounded
locally Ho¨lder-continuous function. Then, there exists a conformal metric g on S′ with
curvature K.
However, such metrics are not usually complete. If we restrict ourselves to complete
metrics but forgo having an example in each conformal class, there is a result by Burago
(proof is to be found in [14]) generalizing Kazdan and Warner that any function negative
1Note that there are minimal surfaces with ends, topologically equivalent to punctured Riemann surfaces, which
have negative curvature everywhere [15,22,25].
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on an open set with non-positive value somewhere near the punctures is achieved as a
prescribed Gaussian curvature [5,14,18].
Theorem 1.2.(Burago–Kazhdan–Warner). Let K be a smooth function on an open sur-
face S′ of finite type. The following conditions are necessary and sufficient for K to be the
curvature of some complete metric of S′:
(i) liminfx→∞ K(x)≤ 0 at each end of S′;
(ii) when Euler characteristic of S′< 0, assume also, infK < 0; when Euler characteristic
of S′ = 0, assume also infK < 0 or K ≡ 0.
The proof of this theorem is also given in [14]. However they do not find a metric in
every conformal class which has this property.
Our proof is very different and our result is new in the sense that we show that if the
initial metric has negative Gaussian curvature near the punctures and given any negative
function with the same value as the initial one near the punctures, there exists a metric
in the conformal class of the initial metric which has this function as its Gaussian curva-
ture. Moreover, the behaviour of the initial metric near the punctures do not change (the
conformal equivalence factor eσ is 1 near the punctures). Thus if we started with a com-
plete metric, completeness is preserved. If the initial metric has Gaussian curvature the
function K0, negative somewhere, such that limx→∞ K0 = f0 < 0 (i.e. its value is f0 near
the punctures) then by Burago–Kazhdan–Warner’s result we would have a complete met-
ric which achieves K0 as its Gaussian curvature. Let K < 0 be another function such that
limx→∞ K = f0 then our result shows that there exists a metric conformal to the previous
one such that K is achieved as its Gaussian curvature. This indicates that there could be
many conformal classes which contain a metric with K as its Gaussian curvature. In the
last section we give an example of the initial metric which has negative Gaussian curva-
ture near the punctures.
By Thereom 2.1a, we also have the result that any arbitrary negative function K is
allowed as the Gaussian curvature of an unpunctured Riemann surface of genus g≥ 1 with
at least one boundary component or a sphere with at least three boundary components.
For prescribed curvature on surfaces with conical singularities, see [23].
Let pi, i = 1, . . . ,n be the punctures on Σ. Let us choose a disc Di about the point pi with
coordinates (ri,θi) such that Di = {(ri,θi) : 0 < ri < 1, 0 < θi ≤ 2pi} with the point pi
corresponds to ri = 0. No other puncture lies in this neighbourhood. Let M = Σ−∪ni=1Di.
Thus M is a compact manifold with boundary ∂M = ∪ni=1∂Di. We assume K0 is negative
on ∂M. In §4 we show by an example that this is not a stringent condition on the metric
h. Also M is of finite volume with respect to the metric h and K0 is smooth on M. K0
may have singularities at the punctures. Let K < 0 be a given function on M and K = K0
on ∪ni=1Di. On M we show that there exists a metric conformal to h which has K as its
Gaussian curvature. We show this by minimizing the functional
S[σ ] =
∫
M
(K(σ)−K)2e2σ dµ
over functions in class T where T = {σ ∈ C2(M,R)|σ |∂M = ∂νσ |∂M = ∆σ |∂M = 0}−
where − denotes the closure in W 2,2. Here K(σ) stands for the Gaussian curvature of the
metric eσ h, and dµ =
√−1
2 h dz∧ dz¯ is the area form for the metric h. Using the Sobolev
embedding theorem for compact manifolds with boundary we show that S[σ ] takes its
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absolute minimum, zero, on C∞(M) which corresponds to a metric on M of negative
curvature K. Then we extend the minimizer σ by zero on Di and thus near the punctures
the metric eσ hdz⊗ dz¯ and the curvature K remain hdz⊗ dz¯ and K0 respectively.
2. The main theorem
2.1 All notations are as in §1
The functional S[σ ] =
∫
M(K(σ)−K)2e2σ dµ is non-negative on T , so that its infimum
S0 = inf{S[σ ], σ ∈ T}
exists and is non-negative. Let {σn}∞n=1 ⊂ T be a corresponding minimizing sequence,
lim
n→∞ S[σn] = S0.
Our main result is the following
Theorem 2.1. (a) Let M = Σ −∪ni=1Di be a compact Riemann surface with bound-
ary, with at least three boundary components if genus g = 0. Let hdz∧ dz¯ be its initial
metric and K0 be its initial curvature such that K0 < 0 on ∪ni=1Di. Let K < 0 be an
arbitrary negative function with K = K0 on ∪ni=1Di (i.e., the curvature is left intact
near the punctures). The infimum S0 = 0 is attained at a unique σ ∈ C∞(M,R), i.e., the
minimizing sequence {σn} contains a subsequence that converges in strong W 2,2 to a
unique σ ∈ C∞(M,R) such that S[σ ] = S0 = 0. The corresponding metric eσ hdz⊗ dz¯
is a metric on M of preassigned negative curvature K. (b) On ∪ni=1Di, σ is extended as
zero.
2.2 Uniform bounds
Since {σn} is a minimizing sequence, we have the obvious inequality
S[σn] =
∫
M
(Kn−K)2e2σndµ =
∫
M
(
K0− 12 ∆hσn−Ke
σn
)2
dµ ≤ m (2.1)
for some m > 0, where we denoted by Kn the Gaussian curvature K(σn) of the metric eσnh
and by K0 that of the metric h, and used that
Kn = e−σn
(
K0− 12 ∆hσn
)
.
Note: Here ∆h = 4h−1(∂ 2/∂ z∂ z¯) stands for the Laplacian defined by the metric h on M.
Lemma 2.2. There exists a constant C1 such that, uniformly in n,∫
M
(∆hσn)2dµ <C1.
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Proof. By Minkowski inequality, and using (2.1), we get
[∫
M
(
−1
2
∆hσn−Keσn
)2
dµ
]1/2
≤
[∫
M
(
K0− 12∆hσn−Ke
σn
)2
dµ
]1/2
+
[∫
M
(K0)2dµ
]1/2
≤ m1/2 + c =C,
so that
1
4
∫
M
(∆hσn)2dµ +
∫
M
K2e2σndµ +
∫
M
∆hσneσn Kdµ ≤C2. (2.2)
We will show that∫
M
K2e2σndµ +
∫
M
∆hσneσnKdµ = Bn1 +Bn2+Bn3, (2.3)
where Bn1 ≥ 0, Bn2 ≥ 0, |Bn3| ≤ 3D2 where D2 is a constant independent of n.
From (2.3) and (2.2) the result will follow since we will have
C2 + 3D2 ≥C2−Bn3 ≥ 14
∫
M
(∆hσn)2dµ +Bn1 +Bn2
≥ 1
4
∫
M
(∆hσn)2dµ .
Just renaming the constants, we will have the result.
Integrating by parts we get
∫
M
∆hσneσnKdµ =−
∫
M
|∂zσn|2eσn Kdµ −
∫
M
(∂zσn)(∂z¯K)eσn dµ
−
∫
∂M
(∂ν σn)Keσndµ
=
∫
M
|∂zσn|2eσn |K|dµ −
∫
M
(∂zσn)g|K| eσn dµ
since K is negative, ∂ν σn|∂M = 0 and where we define g = ∂z¯K/|K|.
Let M = Ωn1∪Ωn2∪Ωn3, a disjoint union of sets defined as follows:
On Ωn1, (1) |∂zσn|> |g|.
On Ωn2, (2) |∂zσn| ≤ |g| and |K| eσn > |g|2.
On Ωn3, (3) |∂zσn| ≤ |g| and |K| eσn ≤ |g|2.
Let Bni =
∫
Ωni K
2e2σndµ +
∫
Ωni ∆hσne
σnKdµ , i = 1,2,3.
We will show that Bn1 ≥ 0.
Bn1 =
∫
Ωn1
K2e2σndµ +
∫
Ωn1
|∂zσn|2|K| eσn dµ −
∫
Ωn1
(∂zσn)g|K| eσndµ
≥
∫
Ωn1
K2e2σndµ +
∫
Ωn1
|∂zσn|2|K| eσn dµ −
∫
Ωn1
|∂zσn||g||K| eσn dµ
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=
∫
Ωn1
K2e2σndµ +
∫
Ωn1
|∂zσn||K| eσn(|∂zσn|− |g|)dµ
≥ 0
by (1) in the definition of Ωn1.
Next we shall show that Bn2 ≥ 0.
Bn2 =
∫
Ωn2
K2e2σndµ +
∫
Ωn2
|∂zσn|2|K| eσn dµ −
∫
Ωn2
(∂zσn)g|K| eσndµ
≥
∫
Ωn2
K2e2σndµ +
∫
Ωn2
|∂zσn|2|K| eσn dµ −
∫
Ωn2
|∂zσn||g||K| eσn dµ
=
∫
Ωn2
|K| eσn(|K| eσn −|∂zσn||g|)dµ +
∫
Ωn2
|∂zσn|2eσn |K|dµ
≥
∫
Ωn2
|K| eσn(|K| eσn −|g|2)dµ +
∫
Ωn2
|∂zσn|2eσn |K|dµ
≥ 0,
by using the two conditions (2) defining Ωn2.
Next we shall show that Bn3 is uniformly bounded.
|Bn3| ≤
∫
Ωn3
K2e2σndµ +
∫
Ωn3
|∂zσn|2|K| eσn dµ +
∫
Ωn3
|∂zσn||g||K| eσn dµ
≤ 3D2,
where D2 = max |g|4µ(M), where µ(M) is the volume of M. This follows from the two
conditions |K| eσn ≤ |g|2 and |∂zσn| ≤ |g| on Ωn3. D2 is a finite constant (max |g|4 is finite
since K is non-zero and the volume of M is finite), independent of n. Thus the result
follows.
2.3 Pointwise convergence of σn
Lemma 2.3. {σn} is uniformly bounded in W 2,2(M).
Proof. Let us recall that there is a Green’s function on the compact manifold M with
boundary such that if u ∈C2(M) then
−u(x) =
∫ ∫
M
G(x,z)∆u(z)dµ(z)+
∫
∂M
∂G
∂ν (x,w)u(w)dl
(see for e.g. [9], p. 174). In particular if u|∂M = 0 then
−u(x) =
∫ ∫
M
G(x,z)∆u(z)dµ(z).
Thus there exists a Green’s operator G such that ∆Gu = −u and G∆u = −u (see [9],
p. 177). Let u = σn. Since σn|∂M = 0, G∆σn =−σn.
Next we will show that since by Lemma 2.2, ∆σn is uniformly bounded in L2(M), σn
is uniformly bounded in W 2,2(M).
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Let τn = ∆σn. We know that τn|∂M = 0 and is uniformly bounded in L2(M), i.e.,
‖τn‖2 <C,∀n. Then τn can be written as τn = ∑∞i=1 cinφi where φi is a solution to the equa-
tion ∆hφ + λiφ = 0, with φ |∂M = 0, ([9], pp. 8–9). {φi}∞i=1 is an orthonormal sequence
of eigenfunctions of the Laplacian. In fact since we are in the Dirichlet case, the least
eigenvalue λ1 > 0. We will show that since {τn} is uniformly bounded in L2(M), {Gτn}
is uniformly bounded in W 2,2(M). Gτn = ∑∞i=1 cinGφi. Since φi|∂M = 0, G∆φi = −φi.
Since ∆hφi = −λiφi, Gφi = φi/λi. Thus Gτn = ∑∞i=1(cin/λi)φi. Since λi → ∞ and since
‖τn‖2 = (∑∞i=1 ci2n )1/2 < C, ‖Gτn‖2 = (∑∞i=1(cin/λi)2)1/2 < C, ∀n if λ1 > 1. If λ1 < 1,
‖Gτn‖22 ≤ (C2/λ 21 ) ∀n. Thus ‖Gτn‖ ≤C2 ∀n where
C2 =C if λ1 > 1
=
C
λ1
if λ1 < 1.
Next we show that the first and second derivative norms of Gτn are uniformly bounded
in L2(M). The second derivative is defined as ∇2τ =∇1∇τ where ∇τ is the usual covariant
derivative of f taking values in T ∗M and ∇1 is the covariant derivative of sections of T ∗M.
First we show that the first derivative norm is uniformly bounded. For this we observe
that the norm of the Laplacian is bounded uniformly. This is because ∆hGτn = −τn and
τn is uniformly bounded in L2(M). Thus ‖∆hGτn‖2 <C.
To show that ‖∇Gτn‖22 <C2 we note that since Gτn is zero on ∂M,∫
M
|∇Gτn|2dµ =−
∫
M
Gτn∆hGτn
≤ ‖Gτn‖2‖∆Gτn‖2
≤C2C.
Next we show that the second derivative norm ‖∇2Gτn‖2 < C1, ∀n. The norm of the
Laplacian is bounded in L2(M). Using Weitzenbock formula we show that then the second
derivative norm is uniformly bounded. By Weitzenbock formula [4], ∆h = ∇∗∇+ τ(K0)
where ∇∗ is the adjoint of the covariant derivative. Note that ∇∗∇ = −∇1∇ = −∇2 ([4],
p. 52). τ(K0) is some continuous function of the curvature K0. In other words, ∆h(Gτn) =
−∇2(Gτn)+ τ(K0)(Gτn). Thus by Minkowski’s inequality,
‖∇2(Gτn)‖2 ≤ ‖∆h(Gτn)‖2 + ‖τ(K0)Gτn‖2
≤C+min
M
|τ(K0)|‖Gτn‖2
≤C+min
M
|τ(K0)|C2
≤C1.
Since M is a compact manifold with boundary, minM |τ(K0)| is bounded.
Thus Gτn is uniformly bounded in W 2,2 since ‖Gτn‖2, ‖∇(Gτn)‖2, ‖∇2(Gτn)‖2 are
uniformly bounded. Since τn = ∆hσn and G∆hσn = σn, σn are uniformly bounded in W 2,2.
Now we can formulate the main result of this subsection.
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PROPOSITION 2.4.
The sequence {σn}∞n=1 contains a subsequence {σln}∞n=1 with the following properties:
(a) The sequences {σln}∞n=1 and {eσln} converge in C0(M) topology to continuous func-
tions σ and eσ respectively. Moreover, σ ∈W 2,2(M).
(b) The subsequence {∆hσln} converges weakly in L2 to f .=∆distrh σ˜ – a distribution Lapla-
cian of σ .
(c) Passing to this subsequence {σln}, the following limits exist:
lim
n→∞‖∆hσln‖2 = ‖∆
distr
h σ‖2,
lim
n→∞ S[σln ] = S0 =
∫
M
(
K0− 12∆
distr
h σ −Keσ
)2
dµ .
In fact, the convergence in (b) is strong in L2.
Proof. Part (a) follows from the Sobolev embedding theorem and Rellich lemma for com-
pact manifolds with boundary, since, for dimM = 2, the space W 2,2(M) is compactly
embedded into C0(M) (see, e.g. [2]). Therefore the sequence {σn}, which according to
Lemma 2.3, is uniformly bounded in W 2,2(M), contains a convergent subsequence in
C0(M). Passing to this subsequence {σln} we can assume that there exists a function
σ ∈C0(M) such that
lim
n→∞ σln = σ .
Since σn’s are uniformly bounded in a Hilbert space W 2,2(M), they weakly converge to
s ∈W 2,2(M) (after passing to a subsequence if necessary). The uniform limit coincides
with s so that σ = s ∈W 2,2(M).
In order to prove (b), set ψn = ∆hσln and observe that, according to part (a) of
Lemma 2.2, the sequence {ψn} is bounded in L2. Therefore, passing to a subsequence, if
necessary, there exists f ∈ L2(M) such that
lim
n→∞
∫
M
ψng =
∫
M
f g
for all g ∈ L2(M). In particular, considering g ∈C∞(M), this implies f = ∆distrh σ .
In order to prove (c) we use the following lemma.
Lemma 2.5. If a sequence {ψn} converges to f ∈ L2 in the weak topology, then
lim
n→∞‖ψn‖ ≥ ‖ f‖.
Further limn→∞ ‖ψn‖= ‖ f‖ iff there is strong convergence.
Proof. The lemma follows from considering the following inequality:
lim
n→∞
∫
(ψn− f )2dµ ≥ 0.
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To continue with the proof of the proposition, suppose limn→∞ ‖ψn‖ > ‖ f‖. Using the
definition of the functional, we have
S[σn] =
∫
M
(
K0− 12∆hσn−Ke
σn
)2
dµ
=
1
4
‖ψn‖2 + ‖K0−Keσn‖2−
∫
M
ψn(K0−Keσn)dµ .
From parts (a) and (b) it follows that the sequence S[σn] converges to S0 and
S0 = lim
n→∞ S[σn]
= lim
n→∞
1
4
‖ψn‖2 + ‖K0−Keσ‖2−
∫
M
f (K0−Keσ )dµ
≥ 1
4
‖ f‖2 + ‖K0−Keσ‖2−
∫
M
f (K0 −Keσ )dµ
=
∥∥∥∥− 12 f +K0−Keσ
∥∥∥∥
2
.
We will show that this is an equality since the inequality contradicts the fact that {σn}
was a minimizing sequence. That is we can construct a sequence {τ} ∈C∞(M) such that
S[τ] gets as close to
∥∥− 12 f +K0−Keσ∥∥2 as we like.
Namely, for any ε > 0 we can construct, by the density of C∞ in W 2,2, a function
τ ∈ C∞(M) approximating σ ∈W 2,2 such that ‖∆hτ − f‖ < ε and ‖4(eτ − eσ )‖ < ε/2.
Since
Sτ = lim
n→∞ S[τ] =
∥∥∥∥− 12∆hτ +K0−Keτ
∥∥∥∥
2
,
we have ∥∥∥∥√Sτ −
∥∥∥∥− 12 f +K0−Keσ
∥∥∥∥≤
∥∥∥∥12 ( f −∆hτ)−K(eτ − eσ )
∥∥∥∥≤ ε.
Now setting δ =√S0−‖− 12 f +K0−Keσ‖> 0 and choosing ε < δ/2, and using
√
Sτ ≤
‖− 12 f +K0−Keσ‖+ε we get,
√
Sτ <
√
S0− δ2 – a contradiction, since S0 is the infimum
of the functional.
Thus, limn→∞ ‖∆hσn‖ = ‖ f‖, so that, in fact, by Lemma 2.5, the convergence is in the
strong L2 topology. This proves part (c).
3. Smoothness and uniqueness
Here we complete the proof of the main Theorem 2.1 by showing that
PROPOSITION 3.1.
(a) The minimizing function σ ∈C0(M) is smooth and unique and corresponds to a metric
of negative curvature K.
(b) σ extends to M−∪ni=1 pi by zero.
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Proof. (a) Let b = (K0− 12 ∆distrh σ −Keσ ) ∈ L2(M); note that b = 0 on the boundary ∂M,
since σ |∂M = 0 and by redefining ∆distrh σ on the boundary, we can take ∆distrh σ |∂M =
0 and we know that K|∂M = K0. According to Proposition 2.4, (c) S0 =
∫
M b2dµ . Set
G(t) = S(σ + tβ )−S0, where β ∈ { f ∈C∞(M)|∂ν f |∂M = 0, f |∂M = 0}. G(t) for fixed β
is smooth, G(0) = 0 and G(t)≥ 0 for all t. Therefore,
dG
dt
∣∣∣∣
t=0
= 0.
A simple calculation yields
dG
dt
∣∣∣∣
t=0
=
∫
M
(−b∆hβ − 2Keσ bβ )dµ .
Now,
∫
M b∆hβ dµ −
∫
M β ∆hb dµ =
∫
∂M b∂νβ dl −
∫
∂M β ∂νb dl = 0. Thus b ∈ L2(M)
satisfies, in a distributional sense, the following equation:
−∆hb− 2Keσ b = 0. (3.1)
First, we will show that b = 0 is the only weak L2 solution to eq. (3.1). Indeed, by
elliptic regularity b is smooth, so that multiplying (3.1) by b and integrating over M using
the Stokes formula, we get∫
M
∇b ·∇b−
∫
∂M
∂νb ·b−
∫
M
2Kb2eσ dµ = 0.
The second term drops since we redefined ∆distrσ to be zero on the boundary and had
K = K0 on the boundary, thus b = 0 on ∂M. Recalling that K < 0 on M, all the remaining
terms are positive or zero, b = 0 everywhere. Thus we have shown that S0 = 0.
Secondly, equation b = 0 for the minimizing function σ ∈C0(M) reads
1
2
∆distrh σ = K0−Keσ ∈C0(M). (3.2)
Therefore, ∆distrh σ belongs to Lp(M) so that σ ∈W 2,p for all p. By the Sobolev embedding
theorem it follows that σ ∈C1,α(M) for some 0 < α < 1. Therefore, the right-hand side
of eq. (3.3) actually belongs to the space C1,α(M), and therefore σ ∈C3,α(M) and so on.
This kind of bootstrapping argument shows that σ is smooth.
Equation b≡ 0 satisfied by σ now translates to K(σ)≡K, where K(σ) is the Gaussian
curvature of the metric eσ h dz⊗ dz¯, σ ∈C∞(M).
Next to show uniqueness, let η be another solution in class T . Then η satisfies
1
2
∆distrh η = K0−Keη ∈C0(M) (3.3)
so that
∆h(σ −η) =−2K(eσ − eη ).
Multiplying this equation by σ − η and remembering that σ and η and their normal
derivatives vanish on the boundary, we get
−
∫
M
dζ ∧∗dζ =
∫
M
−2K(σ −η)(eσ − eη)dµ ,
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where we set ζ = σ −η . Since −2K(σ −η)(eσ − eη )≥ 0, we conclude that dζ = 0 and
in fact ζ = 0.
(b) σ is in class T , i.e. σ |∂M = ∂νσ |∂M = ∆hσ |∂M = 0. Supposing we minimize over
the class of functions all of whose derivatives are zero at ∂M. Let τ be the smooth function
to which this minimizing sequence converge to. By uniqueness of the solution, τ = σ . We
can extend τ by zero on the discs ∪ni=1Di. Thus we can extend σ by zero as well.
4. An example of the initial metric
Let Σ−{pi}ni=1 be the Riemann surface with punctures. Let Di = {(ri,θi) : 0 < ri < 1}
be a disc about pi such that pi is the only puncture on Di. Recall M = Σ−∪ni=1Di. ∂M =
∪ni=1∂Di = ∪ni=1{(ri,θi) : ri = 1}. Let D′i = {(ri,θi) : 0 < ri < 1.5} and D′′i = {(ri,θi) :
0 < ri < 2}. Let fi dz⊗ dz¯ be a metric on D′′i − pi. Let ˜h dz⊗ dz¯ be a metric on M. We
wish to construct a metric which will interpolate between the metric on M and the metric
on D′′i , i = 1, . . . ,n. Let
ρi = 1 on {0 ≤ ri ≤ 1.5}
= 0 on {ri ≥ 2}
0 < ρ < 1 on {1.5 < ri < 2}
and
ρ˜ = 1 on Σ−∪ni=1D′′i
= 0 on D′i ∀i
0 < ρ˜ < 1 on {1.5 < ri < 2}.
Let
h dz⊗ dz¯ =
n
∑
i=1
ρi fi dz⊗ dz¯+ ρ˜ ˜h dz⊗ dz¯.
This is a metric because h is positive everywhere. On D′i, h dz⊗ dz¯ = fi dz⊗ dz¯ and on
Σ−∪ni=1D′′i , h dz⊗ dz¯ = ˜h dz⊗ dz¯.
We can choose fi such that the Gaussian curvature K0 of h dz ⊗ dz¯ is negative
on ∂M. One such example would be to choose fi dz⊗ dz¯ on the disc D′i − pi to be
− log( ri4 )[(dri)2+ r2i (dθi)2], where (ri,θi) are standard polar coordinates on the disc. This
metric has a true singularity at the puncture. K0 = 12√EG
[( Eθi√
EG
)
θi
+
( Gri√
EG
)
ri
]
where
E = − log( ri4 ), G = −r2i log( ri4 ) [11]. On Di, K0 = 12r2i (log(ri/4))3 and therefore negative.
In particular, on ∂M = ∪ni=1{(ri,θi) : ri = 1}, K0 is negative.
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